In this paper, we aim to resolve two fundamental issues in the dynamics of relativity: (i) Under what condition, the time-column space integrals of a Lorentz four-tensor constitute a Lorentz four-vector, and (ii) under what condition, the time-element space integral of a Lorentz four-vector is a Lorentz scalar; namely two "conservation laws", which are mispresented in traditional textbooks, and widely used in fundamental research, such as relativistic analysis of the momentum of light in a medium, and gravitation theory. To resolve issue (i), we have developed a generalized Lorentz four-vector theorem. We use this theorem to verify Møller's theorem; we surprisingly find that Møller's theorem is flawed. We provide a corrected version of Møller's theorem, and indicate that the corrected Møller's theorem only defines a trivial zero four-vector for an electromagnetic stress-energy tensor of a finite closed physical system, even if this theorem is applicable. To resolve issue (ii), we have developed a generalized Lorentz scalar theorem. We use this theorem to verify the "invariant conservation law" in relativistic electrodynamics, which states that the divergence-less of four-current density results in the Lorentz invariance of total electric charge, as presented by Weinberg in his textbook. We unexpectedly find that there is no causality at all between the divergence-less and the Lorentz invariance. Thus the two "conservation laws" in traditional textbooks, which have magically attracted several generations of most outstanding scientists, turned out to be imaginary, creating a scientific myth in the modern theoretical and mathematical physics: Believing is seeing.
Introduction
In the dynamics of relativity, the energy and momentum of a physical system is described by a Lorentz fourtensor; such a tensor is usually called energy-momentum tensor [1, 2, 3] , stress tensor [4] , stress-energy tensor [5, 6] , or momentum-energy stress tensor [7] . If the tensor is divergence-less, then the system is thought to be conserved [1, 2, 3] , and it is a closed system [3] ; thus the total energy and momentum can be obtained by carrying out space integration of the time-column elements of the tensor to constitute a Lorentz four-vector [1, 2, 3, 4, 5, 8, 9, 10, 11] .
Mathematically speaking, if a tensor satisfies certain conditions, the space integrals of the tensor's time-column elements can form a Lorentz four-vector. For the sake of convenience, we call such a mathematical statement "fourvector theorem".
Laue set up a four-vector theorem for a tensor that is required to be time-independent [12] . Laue's theorem only provides a sufficient condition (instead of a sufficient and necessary condition), and it cannot be used to judge the Lorentz property of the energy and momentum of electrostatic fields. In a recent study, Laue's theorem is improved to be a theorem that has a sufficient and necessary condition, and it is successfully used to generally resolve the electrostatic field problem [6] .
In contrast to Laue's theorem, Møller provided a four-vector theorem for a tensor that is required to be divergenceless but allowed to be time-dependent [3] . Møller's theorem only has a sufficient condition (instead of a sufficient and necessary condition) [13] , but it is more attractive because the energy-momentum tensor for electromagnetic (EM) radiation fields varies with time [8, 9, 10, 11] . It is widely recognized in the community that Møller's theorem is absolutely rigorous so that this theorem has been widely used in quantum electrodynamics [8] and relativistic analysis of light momentum in a dielectric medium [9, 10, 11] .
In this paper, we provide a generalized Lorentz four-vector theorem for a tensor that is not required to be timeindependent, and not required to be divergence-less. This theorem has a sufficient and necessary condition. We use this theorem to verify Møller's theorem, surprisingly finding that Møller's theorem is flawed.
Like the four-vector theorem, a Lorentz scalar theorem is a mathematical statement that under what conditions, the time-element space integral of a four-vector is a Lorentz scalar. In Ref. [6] , a scalar theorem for a four-vector that is required to be time-independent is set up, called "derivative von Laue's theorem", and it is successfully used to strictly resolve the invariance problem of total electric charge in relativistic electrodynamics.
In this paper, we also provide a generalized Lorentz scalar theorem for a four-vector that is not required to be time-independent and not required to be divergence-less. We use this scalar theorem to identify the validity of a wellknown result in the dynamics of relativity that if a Lorentz four-vector is divergence-less, then the time-element space integral of the four-vector is a Lorentz scalar [2, p. 41 ] [3, p. 168] .
The paper is organized as follows. In Sec. 2, proofs are given of Lorentz four-vector and scalar theorems. In Sec. 3, Møller's theorem is proved to be flawed, and a corrected version of Møller's theorem is provided. In Sec. 4 , the validity of a well-known result in the dynamics of relativity is identified, and in Sec. 5, some conclusions and remarks are given.
Lorentz four-vector and scalar theorems
In this section, proofs are given of Lorentz four-vector and scalar theorems. Suppose that an inertial frame of X Y Z moves uniformly at βc relatively to the laboratory frame XYZ, where c is the vacuum light speed. The Lorentz transformation of time-space four-vector X µ = (x, ct) is given by [6, 7] x = x + ξ(β · x)β − γβct,
or conversely, given by
where ξ ≡ (γ − 1)/β 2 = γ 2 /(γ + 1), γ ≡ (1 − β 2 ) −1/2 , and β = −β. According to the definition of tensors [3, p.108] , if Ω µν (x, t) is a Lorentz four-tensor given in XYZ, where µ, ν = 1, 2, 3, and 4, with the index 4 corresponding to time component, then in X Y Z the tensor
where ∂X µ /∂X λ and ∂X ν /∂X σ are obtained from Lorentz transformation Eqs. (1) and (2), while x = x(x , t ) and t = t(x , t ) denote Lorentz transformation Eqs. (3) and (4), respectively. Eq. (5) is the expression of Ω µν observed in XYZ, and Eq. (6) is the expression of Ω µν observed in X Y Z .
is an integrable Lorentz four-tensor, defined in the domain V in the laboratory frame XYZ, where V including its boundary is at rest in XYZ, namely any x ∈ V is independent of t. The space integrals of the time-column elements of the tensor in XYZ are defined as
The space integrals of time-column elements of the tensor in X Y Z are defined as
where
The four-vector theorem states:
x is a Lorentz four-vector if and only if
holds.
There are a few main points to understand Theorem 1 that should be noted, as follows.
(i) The importance of the definition Eq. (9) should be emphasized, otherwise the implication of P µ = Θ µ4 d 3 x is ambiguous, and we cannot set up the transformation between P µ and P µ . In Eq. (9), the space variables x in Θ λσ (x, t) are replaced by x = x(x , t ), namely the space Lorentz transformation Eq. (3), while t in Θ λσ (x, t) is kept as it is.
(ii) Observed in XYZ, like P µ , P µ is only dependent on t in general; confer Eq. (16) . The quantity t in the
x is introduced as a constant parameter in a change of variables in the space integrals, and thus observed in X Y Z , the boundary of V is moving so that P µ = P µ (t) does not contain t . (To better understand this, let us take a simple one-dimensional example, given by
which does not contain t although the integrand cos[γ(x + |β|ct ) − ct]γ contains t , and where a change of variable x = γ(x + |β|ct ) is taken, with dx = γdx and t as a constant parameter introduced, and the integral limits x a = a/γ − |β|ct and x b = b/γ − |β|ct , with a and b being constants, are moving at a velocity of |β|c .) (iii) If Θ λσ (x, t) is independent of t, then both P µ and P µ are independent of t, namely they are constants.
(iv) If P µ = P µ (t) is set to be observed in X Y Z , t in P µ = P µ (t) should be replaced by t = γ(t − β · x /c), namely the Lorentz transformation given by Eq. (4).
(v) The symmetry (Θ µν = Θ νµ ) and divergence-less (∂ ν Θ µν =0) are not required, and there are no boundary conditions imposed on Θ µν (x, t).
Theorem 2. Suppose that Θ µν (x, t) is an integrable Lorentz four-tensor, defined in the domain V in the laboratory frame XYZ, where V including its boundary is at rest in XYZ, namely any x ∈ V is independent of t. The space integrals of the time-row elements of the tensor in XYZ are defined as
The space integrals of time-row elements of the tensor in X Y Z are defined as
The four-vector theorem states: 
Proof of Theorem 1. From Eqs. (8) and (9) we have
Note that
. By the change of variables x(x , t ) = x or (x , y , z ; t ) → (x, y, z) with t as a constant parameter, we obtain
x is employed, with the Jacobian determinant ∂(x, y, z)/∂(x , y , z ) = γ being explained as the effect of Lorentz contraction physically. 1 Since t is introduced as a constant parameter in the change of variables, P µ is independent of t .
1 What is the correct technique for change of variables in triple integrals? In relativistic electrodynamics, there are two techniques for a change of variables in space (triple) integrals. The first technique is the change of variables theorem, presented in mathematical analysis [14] , and used in Laue's original paper to derive Laue's theorem [12] , and also used to develop my theory in the present paper and the previous work [6] ; called Technique-I for convenience. In this technique, the change of variable formula is given by d 3 x = |∂(x, y, z)/∂(x , y , z )|d 3 x , where ∂(x, y, z)/∂(x , y , z ) is Jacobian determinant. The second technique is presented in some respected textbooks, such as the book by Jackson [4, p. 757] ; called Technique-II for convenience. In the Technique-II, the integral domain V is assumed to be at rest in the laboratory frame, and then a differential four-vector is constructed to define the change of variables in space integrals, given by dS µ = (0, 0, 0, 1)d 3 x in the laboratory frame, and dS µ = (γβ, γ)d 3 x with γ = (1 − β 2 ) −1/2 in the frame moving at βc with respect to the laboratory frame; thus leading to dS 4 = d 3 x = γd 3 x = γdS 4 -the change of variable formula for Technique-II. Technique-II is widely accepted in the community as a strong basis to define EM momentumenergy four-vector [4, p. 757] . Unfortunately, Technique-II is fundamentally flawed, as shown below.
Since the integral domain V is fixed in the laboratory frame, d 3 x is the proper differential element, while d 3 x is a moving element. Just like a moving ruler, Lorentz contraction will be imposed on d 3 x , resulting in d 3 x = d 3 x/γ, consistent with Jacobian determinant ∂(x, y, z)/∂(x , y , z ) = γ in Technique-I, as shown in Eqs. (15) and (16) in the proof of Theorem 1. However, Technique-II requires d 3 x = γd 3 x; thus Technique-II contradicts both Technique-I and the effect of Lorentz contraction in Einstein's special relativity. More seriously, Technique-II directly contradicts Lorentz invariance of total charge; in other words, if Technique-II were used, then a non-zero total charge would not be a Lorentz invariant, which is shown below.
First we show that Lorentz invariance of total charge is always valid in Technich-I. Without loss of generality, we assume that a charge distribution is created by charged particles which move at the same velocity, otherwise it can be treated discretely, as shown in Ref. [6] . According to special relativity, there must exist an inertial frame where the charged particles are at rest. Thus in the charge-rest frame (taken as the laboratory frame), the total charge can be formulated as Q = V ρ(x)d 3 x, where ρ(x) with ∂ρ/∂t ≡ 0 is the charge distribution, V is the volume at rest, and Q is the (time-independent) total charge in V. In such a case, all charged particles are stationary and frozen in V so that no current exists (J = 0). Observed in a frame moving at βc 0 with respect to the charge-rest frame, the volume V is moving at β c = −βc, but there are no charged particles crossing through the boundary of V although the current J = −γβcρ 0 holds. In Technique-I, the change of variable formula is given by d 3 
Thus we finish the proof that the total charge is always a Lorentz invariant in Technique-I. Now we show why Technique-II contradicts the Lorentz invariance of total charge. In the laboratory frame (charge-rest frame), the four-current density is given by J µ = (J, J 4 ) with J = 0 and J 4 = cρ, and the total charge Q is defined by cQ = V (cρ)d 3 x = V J 4 dS 4 
If P µ is a Lorentz four-vector, then
must hold. Inserting Eq. (18) into Eq. (17), we have
namely, 
⇒ Q Q if Q 0 holds, where β 0 is assumed ⇒ γ > 1.
Thus we finish the proof that a non-zero total charge (Q 0) is not a Lorentz invariant in Technique-II.
From above analysis we can conclude that Technique-II, presented in [4, p. 757], has three flaws: (i) contradicting the effect of Lorentz contraction in special relativity, (ii) contradicting the change of variables theorem in mathematical analysis [14] , and (iii) contradicting the Lorentz invariance of total charge. To put it simply, Technique-II [4, p. 757] follows neither the principle of mathematical analysis nor the principle of relativity.
So far we have shown that total charge Q 0 is never a Lorentz invariant in Technique-II, while total charge Q is always a Lorentz invariant in Technique-I; both cases have nothing to do with the boundary conditions of J µ = (J, cρ).
Two subtle issues for checking Lorentz invariance of total charge. In analysis of the Lorentz invariance of total charge in a volume in specific cases, a subtle issue is about how to define the volume. If there are charged particles crossing through the boundary of the volume, the total charge in the volume may not be Lorentz invariant [15] , possibly leading to a doubt of the completeness of Maxwell EM theory [16] . Thus the correct volume is supposed to be moving at the same velocity as that of the charge, as argued above. Another subtle issue is how to correctly understand the definition of total charge. For example, by analysis of an infinite straight charged wire, Bilic puzzled that the standard definition Q = V ρd 3 x and the so-called covariant definition Q = J µ dS µ (in units with c = 1) are not equivalent in general [15] ; now we know that the problem turned out to be here: the transformation of triple integral V ρd 3 x = J 4 dS 4 = J µ dS µ contradicts the change of variables theorem in mathematical analysis [14] , as shown above.
where (17) is valid. Thus for P µ to be a Lorentz four-vector, the sufficient and necessary condition is given by
The sufficiency of Eq. (21) is apparent because we directly have Eq. (21) The necessity is based on the fact that a four-vector must follow Lorentz rule between any two inertial frames, namely βc is arbitrary, and thus a λ j = 0 must hold for all λ and j, because (
Thus we finish the proof of the sufficiency and necessity.
is an integrable Lorentz four-vector, defined in the domain V in the laboratory frame XYZ, where µ = 1, 2, 3, and 4, with the index 4 corresponding to time component, and V including its boundary is at rest in XYZ, namely any x ∈ V is independent of t. The Lorentz scalar theorem states: The time-element space integral
is a Lorentz scalar if and only if V: t=const
Proof. Corresponding to Ψ = V: t=const Λ 4 (x, t)d 3 x given by Eq. (22), we first have to define
because the implication of Ψ = Λ 4 d 3 x itself is ambiguous before the dependence of Λ 4 on x , t and t is defined. For this end, from Lorentz transformation we have
where the space variables x in Λ λ (x, t) are replaced by x = x(x , t ), namely the space Lorentz transformation Eq. (3), but t in Λ λ (x, t) is kept as it is. Making integration in Eq. (24) with respect to (x, y, z) over V in the laboratory frame, we have
By the change of variables (x, y, z) → (x , y , z ; t ) with t as a constant parameter in the left-hand side of Eq. (25), while keeping the integrals of the right-hand side to be computed in XYZ frame, we obtain
where d 3 x = |∂(x, y, z)/∂(x , y , z )|d 3 x = γd 3 x is taken into account, with ∂(x, y, z)/∂(x , y , z ) = γ the Jacobian determinant.
We define Ψ =
where Λ 4 x = x(x , t ), t is defined in Eq. (24). Since t is introduced as a constant parameter in the change of variables in the space integral, Ψ does not contain t although the integrand Λ 4 x = x(x , t ), t in Eq. (27) contains t . Thus with the both sides of Eq. (26) divided by γ, we have
From Eq. (28) we obtain the sufficient and necessary condition for Ψ = Ψ (Lorentz scalar), given by
The sufficiency is apparent, while the necessity comes from the fact that β is arbitrary. Thus we complete the proof.
There are some main points to understand Theorem 3 that should be noted:
is independent of t, namely ∂Λ µ /∂t ≡ 0, then both Ψ and Ψ are constants.
(ii) The divergence-less (∂ µ Λ µ = 0) is not required, and there are no boundary conditions imposed on Λ µ (x, t).
(iii) Asymmetry arising from resting V and moving V . Directly from Eq. (2), we have 
with d 3 x = γd 3 x used. We find that
are not symmetric, although
are symmetric. This asymmetry comes from the fact that V is fixed in XYZ, while V is moving in X Y Z .
Application of Theorem 1
In this section, Møller's theorem is proved to be flawed; based on Theorem 1, a counterexample is given. A corrected version of Møller's theorem is provided, with a detailed elucidation given of why the corrected Møller's theorem only defines a trivial zero four-vector for an EM stress-energy tensor.
Møller's theorem. Suppose that Θ µν (x, t) is an integrable Lorentz four-tensor, defined in the domain V in the laboratory frame XYZ, where µ, ν = 1, 2, 3, and 4, with the index 4 corresponding to time component, and the boundary of V is at rest in XYZ. All the elements of the tensor have first-order partial derivatives with respect to time-space coordinates X µ = (x, ct). Møller's theorem states: If Θ µν (x, t) is divergence-less (∂ ν Θ µν (x, t) = 0), and Θ µν (x, t) = 0 holds on the boundary of V for any time (−∞ < t < +∞) -zero boundary condition, then the time-column space integrals
constitute a Lorentz four-vector [3, pp.166-169].
Proof. First from Møller's sufficient condition we demonstrate that the time-column space integrals, given by Eq. (30), are time-independent (∂P µ /∂t ≡ 0), then we prove that the sufficient condition is not enough to make Eq. (30) be a four-vector, and we conclude that Møller's theorem is flawed.
Since Θ µν (x, t) = 0 holds on the boundary of V, using 3-dimensional Gauss's divergence theorem we obtain
Because the boundary of V is at rest in the laboratory frame, we have
From ∂ ν Θ µν (x, t) = 0, with Eq. (31), Eq. (32), and X 4 = ct taken into account, we have
Thus P µ = V: t=const Θ µ4 (x, t)d 3 x is constant although the integrand Θ µ4 (x, t) may depend on t. However it should be emphasized that
From the divergence-less (∂ ν Θ µν = 0) and the zero-boundary condition (Θ µν = 0 on boundary), we have achieved a conclusion that the time-column space integrals P µ = V: t=const Θ µ4 (x, t)d 3 x are time-independent constants. In what follows, we will show that the divergence-less and the zero-boundary condition is not sufficient to make
x be a four-vector. In other words, Møller's sufficient condition is not sufficient.
From Eqs. (15)- (17) in the proof of Theorem 1, we have
(allowed to be t-dependent) (t-independent)
Thus like Eq. (17), we obtain a necessary condition for constant P µ to be a Lorentz four-vector, given below 
defined in the cubic domain V (−π ≤ x, y, z ≤ π), where f (x, y, z) = (sin x) 2 (sin y) 2 (sin z) 2 is independent of time, with V f (x, y, z)d 3 x = π 3 , and f x ≡ ∂ f /∂x, f y ≡ ∂ f /∂y, and
, and satisfies the Møller's zero boundary condition: A µν (x, t)=0 holds on the boundary x, y, z = ±π for −∞ < t < +∞. Thus A µν (x, t) satisfies the sufficient condition of Møller's theorem, and
is supposed to be a Lorentz four-vector. However because
A µν (x, t) does not satisfy the sufficient and necessary condition Eq. (10) of Theorem 1, and accordingly,
is not a four-vector. Thus Møller's theorem is disproved by this counterexample based on Theorem 1.
Obviously, Møller's theorem can be easily corrected by adding the condition Eq. (37), as follows.
is an integrable Lorentz four-tensor, defined in the domain V in the laboratory frame XYZ, where µ, ν = 1, 2, 3, and 4, with the index 4 corresponding to time component, and the boundary of V is at rest in XYZ. It is assumed that Θ µν (x, t) is divergence-less (∂ ν Θ µν (x, t) = 0), and Θ µν (x, t) = 0 holds on the boundary of V for any time (−∞ < t < +∞) -zero boundary condition. The corrected Møller's theorem states: The time-column space integrals
However we would like to indicate, by enumerating specific examples as follows, that the corrected Møller's theorem has a limited application.
Example 1 for corrected Møller's theorem. Consider Minkowski EM stress-energy tensor for "a pure radiation field in matter" [10] , given by
where T µν is the transpose of T µν , with
is the Minkowski stress tensor, withǏ the unit tensor [6] . We first assume that the corrected Møller's theorem is applicable for this EM tensor. Then let us see what conclusion we can get.
The pre-assumption of corrected Møller's theorem is the tensor's divergence-less plus a zero-boundary condition. The zero-boundary condition requires that all the tensor elements be equal to zero on the boundary for any time (−∞ < t < +∞). Thus for the EM stress-energy tensor given by Eq. (43), the pre-assumption requires ∂ ν T µν = 0 holding within the finite domain V of a physical system, and Poynting vector E × H = 0 and Minkowski momentum D × B = 0 holding on the boundary of V for any time (−∞ < t < +∞).
Physically, the pre-assumption is extremely strong and severe, because it requires that (i) within the domain V, there are no any sources (∂ ν T µν = 0), and (ii) the EM energy and Minkowski momentum never flow through the closed boundary of V for any time (E × H = 0 and D × B = 0 for −∞ < t < +∞). Thus this physical system is never provided with any EM energy and momentum. According to energy-momentum conservation law, no EM fields can be supported within the domain V in such a case, leading to a zero field solution. Thus the corrected Møller's theorem only defines a trivial zero four-vector for an EM stress-energy tensor of a finite closed physical system, even if this theorem is applicable.
Example 2 for corrected Møller's theorem. Nevertheless, the corrected Møller's theorem may define a non-zero fourvector in general. As an example, consider the tensor given by
defined in the cubic domain V (−π ≤ x, y, z ≤ π), where f (x, y, z) = (sin x) 2 (sin y)
µν (x, t) is divergence-less (∂ ν B µν = 0), and satisfies the zero boundary condition: B µν (x, t) = 0 on the boundary (x, y, z = ±π) for −∞ < t < +∞; thus the pre-assumption of corrected Møller's theorem is satisfied. On the other hand, V: t=const B µ j (x, t)d 3 x = 0 holds for µ = 1, 2, 3, 4 and j = 1, 2, 3; thus B µν (x, t) also satisfies the sufficient and necessary condition Eq. (42) for the corrected Møller's theorem. Accordingly, V: t=const B µ4 (x, t)d 3 x = (0, 0, 0, π 3 ) 0 is a four-vector -the corrected Møller's theorem may define a non-zero four-vector in general.
Conclusion for corrected Møller's theorem. In conclusion, the corrected Møller's theorem may define a non-zero four-vector in general; however, it only defines a trivial zero four-vector for an EM stress-energy tensor of a finite closed physical system. Thus the application of the theorem is limited.
Differences between three four-vector theorems. We have three four-vector theorems: Theorem 1 and corrected Møller's theorem (both presented in the present paper), and generalized von Laue's theorem (presented in Ref. [6] ). For the convenience to compare, we write down the generalized von Laue's theorem from Ref. [6] as follows.
Generalized von Laue's theorem. Assume that Θ µν (x) is an integrable Lorentz four-tensor, defined in the domain V in the laboratory frame XYZ (µ, ν = 1, 2, 3, and 4, with the index 4 corresponding to time component), V including its boundary is at rest in XYZ, and Θ µν is independent of time (∂Θ µν /∂t ≡ 0). The generalized von Laue's theorem states: The time-column-element space integrals Between the corrected Møller's theorem and the above generalized von Laue's theorem, the difference is that in the corrected Møller's theorem, the divergence-less (∂ ν Θ µν = 0) plus a zero boundary condition (Θ µν = 0 on boundary) is taken as a pre-assumption, and Θ µν (x, t) is allowed to be time-dependent, while in the generalized von Laue's theorem, ∂Θ µν /∂t ≡ 0 is taken as a pre-assumption, and Θ µν (x, t) ≡ Θ µν (x) is not allowed to be time-dependent, but no boundary condition is required. Compared with the corrected Møller's theorem and the generalized von Laue's theorem, Theorem 1 does not have any pre-assumption; however, the three theorems have the same definition P µ , as shown below.
From Eq. (36), we know that the same definition of P µ is used in both Theorem 1 and the corrected Møller's theorem, given by
If Θ µν (x, t) is independent of t, namely Θ µν (x, t) ≡ Θ µν (x), then the above Eq. (45) becomes
This is exactly the case of von Laue's theorem presented in Ref. [6] , where Θ µ4 x = x(x , t ) is written as Θ µ4 (x , ct ), and t does not show up.
Adaptability of Theorem 1. Since Theorem 1 does not have a pre-assumption, it may have a better adaptability. To show this, a specific example is given below.
Suppose that there is a symmetric Lorentz four-tensor
defined in the cubic domain V (−π ≤ x, y, z ≤ π) with its boundary S (x, y, z = ±π).
From Eq. (47) we know that (i) ∂ ν R µν = 0 holds but R µν (x, t) does not have a zero-boundary condition ( R 41 (x, t) = π 0 on the boundary: x = π and −π ≤ y, z ≤ π, for example). Thus the corrected Møller's theorem does not apply.
(ii) ∂R µν /∂t ≡ 0 does not hold, because of ∂R 44 /∂t = −c 0 . Thus the generalized von Laue's theorem does not apply either.
(iii) V: t=const R µ j (x, t)d 3 x = 0 for µ = 1, 2, 3, 4 and j = 1, 2, 3 holds, satisfying the sufficient and necessary condition Eq. (10) of Theorem 1. Thus
From above example we see that Theorem 1 has a better adaptability. It is interesting to indicate that Theorem 1 can be used to analyze the EM stress-energy tensor for a plane light wave in a dielectric medium. 2 
Application of Theorem 3
In relativistic electrodynamics, there are two main-stream arguments for the Lorentz invariance of total electric charge. One of them comes from an assumption that the total electric charge is an experimental invariant, as presented in the textbook by Jackson [4, p.555] ; the other comes from a well-accepted result that the divergence-less of current 2 Application of Theorem 1 to Minkowski EM stress-energy tensor for a plane wave in a dielectric medium. For a plane light wave propagating in a moving uniform medium with a refractive index of n > 1, there is a photon-rest frame [7, 17] . Observed in the photon-rest frame (taken as the laboratory frame here), 
x constitute a Lorentz four-vector, which is time-independent (because of all the EM fields behaving static in the photo-rest frame ⇒ ∂ T µν /∂t ≡ 0). Thus we conclude from Theorem 1 that for a plane light wave in a medium, the total Minkowski momentum and energy contained in a given domain V constitute a Lorentz four-vector. Especially, if there is only one photon contained in V and Einstein light-quantum hypothesis is taken into account, namely 37) there], and is the reduced Planck constant. We have known K µ = (k w , ω/c) is a (wave) four-vector, and thus the Planck constant must be a Lorentz invariant [7] .
Question 1: Is the generalized von Laue's theorem [6] applicable for identifying the Lorentz property of light momentum and energy for a plane light wave in a medium? The answer is yes, because its pre-assumption ∂ T µν /∂t ≡ 0 is satisfied, as shown above.
Question 2: Is the corrected Møller's theorem applicable for identifying the Lorentz property of light momentum and energy for a plane light wave in a medium? The answer is no, because this plane light wave is a non-trivial solution of Maxwell equations (non-zero field solution), and the pre-assumption of corrected Møller's theorem cannot be satisfied, namely the divergence-less ∂ ν T µν = ∂ ν T νµ = [∇ ·Ť M + ∂g M /∂t, ∇ · (cg A ) + ∂W em /∂(ct)] = 0 is fulfilled, but the zero-boundary condition ( T µν = 0 on the boundary of V) cannot be fulfilled; for example, ( T 14 , T 24 , T 34 ) = cg M = cD×B = cD 0 ×B 0 cos 2 (−k w ·x) = 0 cannot hold on the whole closed boundary surface of a finite 3D domain V 0 because cos 2 (−k w ·x) = 0 only appears on the discrete planes with k w · x = (2l + 1)π/2, where l is an arbitrary integer.
Question 3: Is Theorem 1 applicable for identifying the Lorentz property of light momentum and energy for a plane light wave in free space? The answer is no. In free space, the EM fields for a plane wave can be written as (E, H, D, B) = (E 0 , H 0 , 0 E 0 , µ 0 H 0 ) cos Ψ, with (E 0 , H 0 ) 0 the constant amplitudes, Ψ = (ωt − k w · x) the wave phase, |k w | = ω/c, and 0 and µ 0 the vacuum permittivity and permeability constants; Abraham and Minkowski momentums are equal, namely g A = g M = E × H/c 2 . From the sufficient and necessary condition Eq. (10) of Theorem 1, the conclusion drawn is that for a plane light wave in free space, the total (Minkowsi = Abraham) momentum and energy contained in a given domain (volume) V that is at rest in an inertial frame cannot constitute a Lorentz four-vector, because V: t=const ( T 41 , T 42 , T 43 ) d 3 x = V: t=const cg A d 3 x = 0 cannot hold for a finite volume V; however, it does not mean that the momentum and energy of light cannot constitute a four-vector, because the photons in free space cannot be stopped in a given volume V that is resting in an inertial frame in terms of the Einstein's hypothesis of constancy of light speed. From this it follows that always there are photons crossing through the boundary of V, and flowing into and out of V, and thus the photons in V are not the same photons observed for different time. (Note that the photon density
Ψ is a wave, dependent on time and space locations.) On the other hand, because of the relativity of simultaneity, photons may cross through the boundary of V at the same time in one frame, but these photons cannot cross through the boundary of V at the same time in other frames; thus leading to a result that the photons in V are not the same photons observed in different frames. That is why the total momentum and energy of the photons contained in V cannot constitute a four-vector in such a case. Therefore, Theorem 1 only can be used to identify the Lorentz property of the total momentum and energy of materials or particles, which are moving at a velocity less than the vacuum light speed c so that there is a material-rest or particle-rest inertial frame, such as in the case for a plane light wave in a dielectric medium shown above, where Minkowski quasi-photon propagates at a velocity of c/n < c [17] . (Note: If a momentum-energy tensor is contributed by materials or particles which move at different velocities individually, then the tensor should be discretized so that each of the discretized tensors is contributed by the materials or particles which move at the same velocity, just like in the proof of the Lorentz invariance of total charge given in Ref. [6] ). Further specific explanation: Why is V: t=const cg A d 3 x = V: t=const (E × H/c)d 3 x = 0 never valid for a finite V 0 for a plane wave in free space? For a plane wave in free space, observed in any inertial frames, the power flow or Poynting vector E × H = E 0 × H 0 cos 2 Ψ 0 ⇒ E 0 × H 0 0 holds; otherwise, there is no energy flowing and no wave. On the other hand, we have V: t=const cos 2 Ψd 3 x > 0 holding; thus leading to the holding of V: t=const cg A d 3 x 0 for a plane wave in free space. Note: V: t=const cos 2 Ψd 3 x > 0 comes from the fact that V 0 is a finite 3D volume, and cos 2 Ψ ≥ 0 holds with the zero points only appearing on discrete planes, and thus there must exist a smaller volume V * ⊂ V, where cos 2 Ψ > 0 exactly holds ⇒ the holding of V: t=const cos 2 Ψd 3 x ≥ V * : t=const cos 2 Ψd 3 x > 0. density four-vector makes the total charge be a Lorentz scalar, as claimed in the textbook by Weinberg [2, p.41] . In this section, by enumerating a counterexample we use Theorem 3 to disprove Weinberg's claim.
For a physical system defined in the domain V with S as its closed boundary, we will show that the divergence-less (∂ µ J µ = 0) of current density four-vector J µ = (J, cρ) plus a boundary zero-integral given by S J(x, t) · dS = 0 makes the total charge Q in V be a time-independent constant; however, it is not enough to make the constant be a Lorentz scalar.
Constant of total electric charge. From ∂ µ J µ = 0 ⇒ ∇ · J + ∂ρ/∂t = 0, with Q = V ρd 3 x taken into account we have
Physically, the current density J = ρu is a charge density flow, where u is the charge moving velocity, and S J(x, t) · dS = 0 means that there is no net charge flowing into or out of V. Thus the total electric charge Q in V is constant. (It is should be emphasized that only from ∂ µ J µ = 0 without S J(x, t) · dS = 0 considered, one cannot derive Q = const in V.)
Counterexample of Weinberg's claim. Why is ∂ µ J µ = 0 not a sufficient condition to make Q = const be a Lorentz scalar, even additionally plus a zero-boundary condition J µ = (J, cρ) = 0 on S ⇒ S J(x, t) · dS = 0 ? To understand this, consider a mathematical four-vector, given by 
and Ψ = Ψ cannot hold for any β x 0. Thus Weinberg's claim is disproved, namely ∂ µ J µ = 0 is not a sufficient condition to make V: t=const J 4 d 3 x = V: t=const cρd 3 x = cQ be a scalar.
The current density four-vector J µ = (J, cρ) and the above counterexample W µ = (W, W 4 ) are all divergence-less, while the Lorentz property of their time-element space integrals does not depends on the divergence-less. Now let us take a look of four-vectors that are not divergence-less, and see what difference they may have. conclude that whether the time-element space integral of a four-vector is a Lorentz scalar has nothing to do with the divergence-less property of the four-vector. The invariance problem of total electric charge has been resolved by using "derivative von Laue's theorem" in Ref. [6] , which indicates that the invariance comes from two facts: (a) J µ is a four-vector and (b) the moving velocity of any charged particles is less than vacuum light speed. This explanation removes the assumption that the total charge is an experimental invariant [4, p.555] .
The difference between the derivative von Laue's theorem [6] and Theorem 3 is that the derivative von Laue's theorem has a pre-assumption of ∂Λ µ /∂t ≡ 0, namely Λ µ = (Λ, Λ 4 ) is not allowed to be time-dependent, while Theorem 3 does not. For example, we also can use the derivative von Laue's theorem [6] to analyze the four-vector Γ µ = (Γ, Γ 4 ) = (sin x sin y sin z, 0, 0, 0) discussed above because ∂Γ µ /∂t ≡ 0 holds, but we cannot use it to analyze W µ (x, t) given by Eq. (48), because ∂W µ /∂t ≡ 0 does not hold. Thus Theorem 3 has a better adaptability.
Conclusions and remarks
In this paper, we have developed Lorentz four-vector theorems (Theorem 1 for column four-vector and Theorem 2 for row four-vector; they are essentially the same) and Lorentz scalar theorem (Theorem 3). Based on Theorem 1, we have found that the well-established Møller's theorem is flawed, and a corrected version of Møller's theorem is provided (see Sec. 3). Based on Theorem 3, we have disproved Weinberg's claim, and obtained a general conclusion for the Lorentz property of a four-vector's time-element space integral (see Sec. 4).
We have shown that the sufficient condition of Møller's theorem makes the time-column space integrals of a tensor be time-independent constants; however, it is not a sufficient condition to make the integrals constitute a Lorentz fourvector. The corrected Møller's theorem has a limited application; especially for an EM stress-energy tensor, the corrected Møller's theorem only defines a trivial zero four-vector.
We have shown that there are three four-vector theorems: (a) generalized von Laue's theorem; (b) corrected Møller's theorem; and (c) Theorem 1. The generalized von Laue's theorem, presented in Ref. [6] , has a pre-assumption that tensor Θ µν is required to be time-independent (∂Θ µν /∂t ≡ 0). The corrected Møller's theorem, provided in the present paper, also has a pre-assumption that tensor Θ µν is required to be divergence-less (∂ ν Θ µν = 0) and required to satisfy a zero boundary condition (Θ µν = 0 on boundary) but Θ µν is allowed to be time-dependent. Compared with the generalized von Laue's theorem and corrected Møller's theorem, Theorem 1 does not have any pre-assumption, while the three theorems have the same sufficient and necessary condition. Thus Theorem 1 has a better adaptability, as shown by a specific example described by Eq. (47) in Sec. 3.
However it should be noted that, just because the generalized von Laue's theorem has a pre-assumption of ∂Θ µν (x, t)/∂t ≡ 0 (but no boundary condition required) and the corrected Møller's theorem has a pre-assumption of ∂ ν Θ µν (x, t) = 0 plus Θ(x, t) = 0 on boundary (zero boundary condition), the four-vector P µ = V: t=const Θ µ4 (x, t)d 3 x defined by the two theorems is time-independent (∂P µ /∂t ≡ 0). Thus the generalized von Laue's theorem and the corrected Møller's theorem can be taken as "conservation laws" in a traditional sense.
We also have shown that there are three flawed four-vector theorems: (i) Møller's theorem, which is also called "Møller's version of Laue's theorem" in Ref. [6] ; (ii) Landau-Lifshitz version of Laue's theorem; and (iii) Weinberg's version of Laue's theorem. Møller's version is disproved in the present paper by taking the mathematical tensor Eq. (38) as a counterexample, while Landau-Lifshitz and Weinberg's versions are disproved in Ref. [6] by taking the EM tensor of a charged metal sphere in free space as a counterexample. All the sufficient conditions of the three disproved versions of Laue's theorem include the divergence-less of a tensor (∂ ν Θ µν (x, t) = 0). Accordingly, it is not appropriate for ∂ ν Θ µν (x, t) = 0 to be recognized as "conservation Law" in traditional textbooks, such as in the book by Panofsky and Phillips [18, p. 310] .
It is worthwhile to point out that the counterexample Eq. (38) for Møller's version of Laue's theorem, A µν (x, t), is also a counterexample of Landau-Lifshitz and Weinberg's versions of Laue's theorem, because A µν (x, t) is both divergence-less (∂ ν A µν = 0) and symmetric (A µν = A νµ ), while Landau-Lifshitz version takes the divergence-less of a tensor as a sufficient condition, and Weinberg's version takes the divergence-less plus a symmetry of a tensor as a sufficient condition. In other words, A µν (x, t) given by Eq. (38) is a common counterexample to disprove Møller's, Landau-Lifshitz, and Weinberg's versions of Laue's theorem.
There is a well-known result in the dynamics of relativity that if a Lorentz four-vector is divergence-less, then the time-element space integral of the four-vector is a Lorentz scalar; for example, Weinberg claims that "for any conserved four-vector", namely for any four-vector J µ = (J, cρ) that satisfies equation
x "defines a time-independent scalar" [2, p.41], and Møller also claims a proof of such a result in his textbook [3, p.168] . However in the present paper, we have shown based on Theorem 3 in Sec. 4 that this well-known result is not correct. We have found a general conclusion for the Lorentz property of a four-vector's time-element space integral, stating that whether the time-element space integral of a four-vector is a Lorentz scalar has nothing to do with the four-vector's divergence-less property. Accordingly, it is not appropriate for ∂ µ Λ µ (x, t) = 0 to be called "invariant conservation Law" in the textbook by Weinberg [2, p. 40 ].
In conclusion, we have generally resolved two of the most controversial problems in the dynamics of relativity [19, 21] 
II. Questions and answers
Main points in questions and answers:
(i) Questioner's criticisms are based on an argument that contradicts the principle of mathematical analysis and the principle of relativity. (ii) My simple counterexample in footnote 3 (old footnote 2) is correct.
Question-1:
Author-reply-1: Yes, I developed three theorems in my manuscript, and indicate that Møller's theorem is not correct, and provided a corrected version of Møller's theorem, instead of a "revised" version of the Møller's theorem.
Questioner criticizes that these theorems I proposed are incorrect, and argues that Møller's theorem is correct, and then she/he provides a proof, trying to help me understanding this theorem.
I am sorry, I don't agree Questioner with those criticisms. The proof provided by Questioner is based on a flawed technique to transform space integrals to an integral on a so-called "closed hypersurface", and this proof is simply wrong. My argument is given below.
In Eq. (4) To respond to Questioner's criticism, I added footnote 1 in my manuscript to address this interesting issue, indicating that Questioner's Technique-II "follows neither the principle of mathematical analysis nor the principle of relativity".
---------------------------------------------------------

Question-2:
Author-reply-2: My Eq. (36), reading: is correct, because I used Technique-I, instead of Questioner's Technique-II. If there are no charges entering or leaving the volume V, then the electric charge in V is Lorentz invariant, because the "charge system" in such a case is "closed (isolated)".
---------------------------------------------------------
However, Bilic does not mean that the boundary conditions are satisfied or not, and Møller's theorem is violated or not, because Bilic never defined or mentioned Møller's theorem or the so-called "Møller's theorem scalar counterpart".
Thus the Questioner's statement derived from Bilic's paper, reading: "However, the theorem is valid under the assumptions it is derived." has nothing to do with Bilic's paper.
In fact, Bilic already realized that the total charge "covariant definition" ∫ = (ii) The paper by Ivezic [T. Ivezic, The "relativistic" electric fields arising from steady conduction currents, Physics Letters A 144, 427 (1990)] is not related to Møller's theorem either. In his/her paper, Ivezic (did not appropriately treat the integral volume V for his/her specific example, and thus) got a conclusion of non-invariance of charge, leading to a doubt of the completeness of Maxwell EM theory, as stated in his/her Abstract, copied below:
To respond to Questioner's comment on the two papers by Bilic and Ivezic, I provided a comment in footnote 1 in the revised manuscript, reading:
As shown in footnote 1, the Lorentz invariance of total charge has nothing to do with the boundary conditions of four-current ) ,
